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ABSTRACT 
In simulation of 1st-order wave-induced motion of vessels 
it is sometimes necessary to express frequency-dependent 
added mass and damping in time-domain formulation. One way 
to do this is to transform the frequency dependence into 
retardation functions. During simulation these are convolved 
with the velocity history, which is time-consuming and 
impractical. To get a more efficient model a method for 
expressing the retardation function as a linear differential 
equation has been developed. The method calculates the 
coefficents of the differential equation from the damping 
function only, avoiding the uncertain added mass function 
 
Keywords: Retardation function, memory effects, added mass, 
damping, model fitting 
 
INTRODUCTION 
 The by far most popular model for the first-order wave-
induced motion of floating vessels is the wave-to-motion 
transfer function. This function is a complex-valued function of 
wave frequency and relates the amplitude and angle (x0,ϕ) of 
the motion response to those of a regular wave (η0,ϕ), i.e. 
0 0( ) , , , 1x
jjx h x x e e jηϕϕω η η η= = = = −         (1) 
where h(ω) is the transfer function and ω the frequency of the 
wave. In general, h will also depend on the direction of the 
wave. When the wave is not regular, but consists of a series of 
sinusoidal components the linearity of the model ensures that 
the response can be calculated by applying the transfer function 
to each term in the series and summing the results. In the 
limiting case when the frequency spectrum of the wave 
becomes a continuum, the transfer function also relates the 
Fourier transforms of wave and response to one another, i.e. 
)()()( ωηωω hx =              (2)  From: https://proceedings.asmedigitalcollection.asme.org on 06/29/2019 Terms of Us In this case x(ω) and η(ω) are general Fourier transforms 
and can as such represent any time-domain functions, in parti-
cular transients. In this context the frequency ω will in general 
be negative as well as positive. It is known that the inverse 
Fourier transform of h(ω) yields the impulse response function, 
i.e. the vessel’s time-domain response to a unit impulse. The 
modulus of the transfer function, |h(ω)|, is frequently called the 
Response Amplitude Operator (RAO).  
 The transfer function of a vessel can be estimated from 
measurements obtained by full scale or model testing or – as is 
most common – calculated with a computer program, typically 
a radiation-diffraction panel program, such as WAMIT [4]. The 
transfer function is then obtained from the equation 
)()()()()()()( ωηωωωωωω fhxKvCaM =++          (3) 
where η(ω) is the wave, x(ω) the 6-component vector of vessel 
displacements, i.e. surge, sway, heave, roll, pitch and yaw, and 
v(ω) and a(ω) the corresponding vectors of velocity and accele-
ration. hf(ω) is the six-component wave-to-force vector transfer 
function. M, C and K are the 6×6 matrices of hydrostatic 
stiffness, damping and mass, respectively. M and C depend on 
frequency. Substituting v(ω) = jω x(ω) and a(ω) = -ω2x(ω) into 
(3) the wave-to-motion transfer function h(ω) is obtained as 
[ ] )()()()( 12 ωωωωωω fhKCjMh −++−=             (4) 
 In time-domain simulation of vessel 1st-order wave in-
duced motion the typical procedure is to choose a η(ω) which 
represents the spectral properties of the wave with sufficient 
accuracy, use (2) and then apply inverse FFT to x(ω) to obtain 
the time response x(t). It may happen, however, that the vessel 
motion is constrained in some way. In the case the vessel is 
moored with slack lines, the effect of the mooring system on 
the motion will be negligible, and the above procedure can be 1 Copyright © 2004 by ASME 
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is the case for a tension leg platform or a ship moored to a quay 
with short, taut lines and fenders, the wave-to-motion transfer 
function will be inadequate. If the extra stiffness is constant, it 
can be added to K in (3), and (4) will still apply. Constant extra 
damping can be handled analogously. If, on the other side, the 
extra forces are nonlinear functions of position or velocity the 
problem cannot be handled in the frequency domain. To solve it 
using time-domain methods requires that (3) be transformed to 
the time domain. The principal problem one encounters in try-
ing to do this is how to deal with the frequency dependence of 
M and C. If these matrices were constant (3) would be trans-
formed to 
{ }1( ) ( ) ( ) ( ) ( )fM x t C x t K x t h ω η ω−+ + = F          (5) 
where  denotes inverse Fourier transformation. This equa-
tion is readily solved in the time-domain using a suitable time-
stepping procedure. Adding a nonlinear function of x and v to 
represent extra forces acting together with the wave force does 
not change anything. Of course, it may also happen that the 
linear model for the hydrostatic restoring force, 
-1F
( )Kx t , is in-
appropriate and must be replaced by a model which is 
nonlinear in x. 
 
RETARDATION FUNCTIONS 
 One possible way of doing away with the frequency de-
pendence of M(ω) and C(ω) is to observe that these functions 
should correspond to impulse response functions, M(t) and 
C(t), which are the respective inverse transforms of M(ω) and 
C(ω). Then the products ( ) ( )M aω ω  and ( ) ( )C vω ω in (3) 
could be replaced by convolution integrals in the time domain. 
However, this will not work; since M(ω) and C(ω) are real 
functions of ω, their inverse transforms do not qualify as 
impulse responses (which must vanish for negative t for the 
system to be causal). 
 A different, useful approach is the following: The mass 
M(ω) is composed of the vessel’s constant structural mass, plus 
the hydrodynamic added mass, which depends on frequency, 
i.e.  M(ω) = MS + A(ω). Defining the high-frequency limit A∞ 
of the added mass and forming the function  
))(()()( ∞−+= AAjCR ωωωω             (6) 
Eq. (3) can be written 
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       (7) 
 
Fig. 1 shows (7) in the form of a block diagram.  
 Being complex-valued the matrix transfer function R(ω) 
may well represent a permissible (i.e. causal) matrix impulse 
response function. The criterion for causality is that the imagi-
nary part of R(ω) be the Hilbert transform of the real part and  
oaded From: https://proceedings.asmedigitalcollection.asme.org on 06/29/2019 Terms of Usevice versa. Equivalently, the cosine transform of the real part 
must equal the sine transform of the imaginary part, [7]. Being 
the transfer function of a physical process – the making of 
waves by the moving vessel - R(ω) must satisfy these criteria. 
Hence, (7) can be transformed to an integro-differential equ-
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 Calculating the impulse response by inverse-transforming 
R(ω) is not without problems. This is because the high frequ-
ency limit A∝ will in general not be known. A computer panel 
program will calculate added mass accurately up to a certain 
frequency depending on the size of the panels. Luckily, R(t) can 
be calculated from C(ω) alone. As a consequence of the real 
and imaginary parts of R(ω) being dependent we have 
{ } { }
1
1 2 ( ) ,( ) ( )
0 , 0








F          (9) 
 R(t) is a 6×6 matrix impulse response function, consistent 
with the six components of vessel motion. It expresses through 
the convolution integral in (7) a mapping from the vessel’s 
velocity history to force at present time. The elements of R(t) 
have come to be called retardation functions. Hence, R(t) is a 
matrix retardation function. 
  An early treatment of frequency-dependent coefficients 
and retardation functions is given by van Oortmerssen [1].  
 The hydrodynamic phenomenon associated with 
frequency dependent coefficients and retardation functions is 
also frequently referred to as “memory effects” or 
“hydrodynamic memory”: The force exerted on the vessel by 
the water is not a function of only the vessel’s  instantaneous 
position and velocity, but also the position and velocity history.
  
 Fig. 2 shows an example of frequency dependent damping 
and added mass of a LNG carrier. The functions shown are the 
transfer functions from sway velocity and sway acceleration to 
hydrodynamic force in sway, i.e. element  (2,2) in C(ω) and  
A(ω). The transfer functions are calculated with WAMIT for 34 
oscillation frequencies corresponding to periods ranging from 4 
to 35 seconds. The added mass function, a22(ω), illustrates the 
difficulty of determining the high frequency asymptote. It may 
seem that the curve flattens off towards a limit around ω = 1.3 
rad/s, but on closer inspection the curve rises slowly after that. 
One might suspect that this is a result of inaccuracy in the panel 
model, but similar behaviour of sway added mass is observed 
experimentally, [3].  
 In practice, to calculate the retardation function according 
to (9) the inverse FFT algorithm is used. From Fig. 2 it is 
evident that the given damping function c22(ω) needs condi-
tioning before transformation can take place. Firstly, the 
function must be extended to zero frequency. It seems 2 Copyright © 2004 by ASME 
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must be extended to the right in a “natural” way, assuming that 
it should approach zero for increasing frequency. Such exten-
sion is indicated on the figure. Van Oortmerssen [1] suggests 
the damping approach zero as certain inverse powers of frequ-
ency, while Kashiwagi [10] uses exponential decay. The reso-
lution in time of the retardation function will depend on how 
far the damping function is extended to the right, as the time 
spacing is inversely proportional to the highest frequency. 
Finally, the function must be given for a sufficiently large 
number of equidistant points.  Fig. 3 shows an example of 
retardation function relating sway force to sway velocity. It is 
calculated with time resolution of 0.5 seconds.      
 In simulation the convolution integral in (8) must be 
evaluated at each time step using some numerical method. 
Depending on the requirement to accuracy and the resolution 
fineness of the retardation function, methods ranging from 
straightforward, discrete convolution to Simpson’s rule may be 
used.   
 The use of retardation functions has been an option in 
MARINTEK’s simulation program SIMO [5,7] since it came 
into existence sixteen years ago. SIMO is intended mainly for 
studies of marine operations, which may involve several 
cooperating vessels and other bodies, like objects being hoisted 
or lowered by cranes. For complex and extensive scenarios 
convolving retardation functions with velocity histories may 
take a significant amount of the total simulation time. For a 
vessel or body modelled with six degrees of freedom the matrix 
retardation function R(t) consists of 36 “scalar” retardation 
functions. Although (as a consequence of the port-starboard 
symmetry of a ship) half of these will be zero, still eighteen 
integrals must be evaluated for each vessel for each time step. 
The number of points to include in the evaluation depends on 
how fast the retardation decays and the resolution in time. For 
the function in Fig. 3, which has died out after about 15 
seconds, 30 points should be sufficient. With a finer time reso-
lution a larger number of points is necessary. It is a drawback 
with convolution that the retardation functions are calculated 
with fixed time spacing. If simulation is done with a different 
time step length, or a varying step length method is used, an 
interpolation scheme must be used to make the velocity history 
match the times of the retardation functions.  
 
MEMORY EFFECTS MODELLED AS DIFFERENTIAL 
EQUATIONS 
 These drawbacks can be eliminated if the frequency-
dependent added mass and damping are modelled as a linear 
differential equation. The appearance of the retardation 
function in Fig. 3 indicates that it represents a system of low 
order, which should be expressible as a simple differential 
equation. In the following a method for doing this is presented.  
 Let F be the hydrodynamic force acting on the vessel’s 
hull as a result of the vessel’s velocity v. F and v are 
generalized 6-component vectors. We seek a model in the form  
ded From: https://proceedings.asmedigitalcollection.asme.org on 06/29/2019 Terms of Usof a differential equation model for the contribution of velocity 
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 This transfer function is a parametric representation of 
transfer function ij in the matrix function R(ω) defined in (6). 
The circumflex on rij(ω) denotes that (11) is an approximation 
to the given numerical transfer function. We want to determine 
the coefficients of (11) in such a way that the model becomes a 
“best fit” to the given transfer function. This also involves 
choosing the orders of the polynomials in the numerator and 
the denominator, m and n. 
 Trying to fit (11) to the given complex function rij(ω) will 
be difficult for the same reason that prevented a direct inverse 
Fourier transformation of R(ω) to get the retardation functions: 
The high-frequency limit of the added mass aij(ω) may not be 
known with necessary exactness. It is also anticipated that it 
will be be difficult to ensure dynamic stability of the fitted 
model, even if the fitting can be done with small error.   
 Nevertheless, Kim and Bernitsas [8] and Wang et al. [9] 
report successful fitting of a model of type (11) to given nume-
rical transfer functions. In both cases a model order of 3 iwas 
found to be sufficient. Wang et al. do not present the result of 
their approximation, but the result presented in [8] indicates 
that there is room for improvement.   
 A different approach is taken by Kristiansen and Egeland 
[2], who fitted a state space time domain model to a matrix 
retardation function using methods from MATLAB toolboxes. 
The matrix retardation function is calculated by (9), which 
requires appropriate conditioning of the damping function (see 
above). 
 Pursuing the task of fitting the model (11) to the given 
function rij(ω) the question arises whether it is possible to cir-
cumvent the problem of the unknown infinite-frequency added 
mass by finding a way to fit only the real part of (11) to the real 
part of rij(ω), which is the frequency dependent damping cij(ω), 
cf. (6). 
 Writing p(ω) and q(ω) for the polynomials in the numera-
tor and denominator of (11) the transfer function can be formu-
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Download Since q(-ω) is the complex conjugate of q(ω) the product 
q(-ω)q(ω) will be real. Consequently, the first term on the right 
hand side of (12) expresses the real part of the model transfer 
function and the second term the imaginary part. Furthermore, 
the denominator q(-ω)q(ω) will be a polynomial of degree n in 
ω2. The numerator of the real part, Re{q(-ω)q(ω)}, will also be 
a polynomial in ω2. The degree of this polynomial becomes 
l=(m+n)/2 if m+n is even or l=(m+n-1)/2 if m+n is odd. 
 Thus, the real part of the parametric transfer function (11) 




































lc    (13) 
 (Since the damping function must be an even function of 
frequency, it is only natural that it should be expressible as a 
function of ω2). As indicated, this real rational function must be 
an approximation to the frequency-dependent damping. The 
problem of finding the parameters (a0, a1, a2, .... , an-1, b0, b1, .... 
, bm) that fits the model (11) to r(ω) is turned into the problem 
of finding the parameters (α1, α2, .... , αn, β0, β1, .... , βl) that 
make (13) an approximation to the damping, c(ω). 
 Kaasen [6] describes a method for iterative least-squares 
fitting of a model on the form (13) to given numerical power 
spectral density functions. This method can be employed for 
the present task. It was tried on the damping function c22(ω) in 
Fig. 1. The model fitting was done with the constraint that the 
function must pass through the origin, i.e. c22(0)=0. Experi-
menting with the model orders, l and n, gave as a result that l=3 
and n=4 gave an excellent fit, as Fig. 4 shows. In other words, 
the hydrodynamic force process c22(ω) in the present example 
can be modelled by a fourth-order differential equation. 
  The task of determining the parameters of the differential 
equation, (a1, a2, .... , an, b0, b1, .... , bm), remains. As a first 
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where γi , i=1, 2, ..., n are the poles of (13) and θi , i=1, 2, ..., n 
the residues.  
 The transfer function (11) too can be formulated as a par-
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 The poles and residues in (14) and (15) are related in a 
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 For the poles λi the sign (plus or minus) must be chosen 
so that the real part of each pole becomes negative. Otherwise,  
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poles from symmetrical pairs is a great advantage of the present 
method. The coefficients of the sought transfer function (11) 
are easily determined from (15). The poles and zeros of the 
fitted 4th-order model is shown in Fig. 5. As expected, from (6) 
and the imposed constraint c22(0) = 0, there is a zero at the 
origin.  
 The method for determining the differential equation for 
the hydrodynamic memory effects is now established. This was 
done on the basis of the frequency-dependent damping function 
alone. To check the result, we want to estimate the added mass 
22ˆ ( )a ω  which corresponds to the fitted damping 22ˆ ( )c ω . From 
(6) we see that the added mass minus its asymptotic value can 
be obtained from the imaginary part of the transfer function. 
Fig. 6 shows 22 22ˆ ( )a aω ∞− in comparison with the added mass 
22 ( )a ω  from WAMIT (cf. Fig. 2). There is indeed a constant 
difference ( 22a ∞ ), proving that the added mass and damping 
from WAMIT are mutually consistent.  Fig. 7 shows the WA-
MIT added mass together with 22ˆ ( )a ω  (with 22a ∞  included). It 
is seen that the value of high frequency limit is significantly 
larger than could be guessed from the calculated added mass 
alone. 
 The fitted 4th-order model for the sway velocity-sway 
force process becomes (cf. Eq. (10)) 
vbvbvbFaFaFaFaF 1230123 ++=−−−−=            (17) 
 (The coefficient b0=0 since the transfer function must pass 
through the origin). The model can be simulated using any 
suitable numerical time-stepping algorithm, the time step may 
be constant or varying. However, since the right hand side con-
tains time derivatives of velocity, the formulation is not practi-
cal. To overcome this, the model can be converted to state-
space form. To a given differential equation there correspond 
infinitely many state space representations. One representation 
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 The variables x1, x2, x3, and x4 are the state variables. The 
first variable is identified with the force F. The other variables 
are auxiliary variables which have no special significance or 
interpretation. The coefficients ci are easily determined from 
the a’s and the b’s. The advantage with the state space model is 
that it does not use derivatives of the input. Eq. (18) is the final 
result. Using this model is much quicker than evaluating 
convolution integrals as in (8).  
 Similar models can in principle be made for the other 
retardation functions in the matrix function R(t), but this 4 Copyright © 2004 by ASME 
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remains to be tried. Also, developing the method further to 





 A method for modelling hydrodynamic “memory effects” 
as linear differential equations in the form of a state space 
models has been developed. The coefficients of the model are 
found by least squares fitting to the damping function. The ad-
vantage with the method is that the model is determined from 
the frequency dependent damping only, avoiding using the 
added mass, which is uncertain due to the unknown high-frequ-
ency limit. The problem of extending the damping function to-
wards high frequencies is avoided, since the model formulation 
automatically takes care of its asymptotic behaviour. In addi-
tion, it is always possible to guarantee dynamic stability of the 
model. In comparison with using the method of convolving 
retardation functions with velocity histories the method is 
expected to be much quicker. The method is demonstrated for a 
sway velocity / sway force process of an LNG carrier and 
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Figure 1 Block diagram of 1st-order wave induced motion. 
( )R ω  represents the velocity-to-force “memory-effect” 
process. M∞ is the vessel’s structural mass plus the infinite-





Figure 2 Frequency dependent added mass (a22) and damping 
(c22) in sway. Dotted line shows extensions needed for 






Figure 3  Retardation function calculated from frequency 
dependent damping with 0.5 s spacing. The function 
corresponds to the damping and added mass shown in Fig. 2 
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Figure 6  Subtracting calculated added mass (minus high-
frequency limit) from given added mass to get high frequency 
limit. 6 Copyright © 2004 by ASME 
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DownFigure 7  Given added mass (circles) and added mass according 
to fitted time domain model (line). 
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